We are concerned with the problem of assigning a group theoretic interpretation to the second homology group H2(G, J) of a group G, with integer coefficients, J[l, p. 486]. We shall define a new group, H(G), called the associated group of G, which is, roughly speaking, the group of all relations satisfied by commutators in G, taken modulo those relations which are trivially, or universally, satisfied. (The reader is cautioned not to expect that the associated group of an abelian group necessarily vanishes; we do not regard the statement "x and y commute implies [x, y] = l" as a relation.) We then
show that H(G)^H2(G, J), so that H2(G, J) gives a measure of the extent to which relations among commutators in G fail to be consequences of universal relations.
For a given group G, let (G, G) be the free group on all pairs (x, y), with x, y EG. There is a natural homomorphism of {G, G) onto [G, G] which sends (x, y) into [x, y}. If wE(G, G), we denote its image in [G, G] by [w] , and define Z(G) to be the kernel,
Let B(G) be the normal subgroup of (G, G) generated by the relations In other words B(G) is the normal subgroup generated by all (x, x), all (x, y){y, x), etc. The symbol ~ shall mean congruence in (G, G) mod B(G). Evidently B(G)EZ(G), and we define the associated group of G to be
by hf(x, y) = {h(x), h(y)). Then ht carries Z(G) into Z(G') and B(G)
into B(G'), inducing a homomorphism h*:H(G)^H(G'), which satisfies (hg)* = k*g*< °* = °. 1* ■ li where 0 is a zero homomorphism, 0(x) = 1, and 1 is an identity homomorphism, l(x)=x. By inverting both sides of (3) and quoting (2) we obtain
Of the many consequences of the defining relations of B(G) we shall have need for only the following:
where (x, y)(a-h) is by definition (a, b)(x, y)(a, b)~l, We prove (6) by expanding (ax, by) in two ways, using (3) and (3').
We have
Replacing x and y by x^"'-1 and y(bo)_1 gives [August
Observe that (7) is a consequence of (6), for
Substitution in the right member of (8) gives the desired result. Relation (9) is proved similarly. Relation (10) is a restatement of (7). Relation (11) is proved, for non-negative n and s, by an induction on n+s, using (3) and (3'). When n+s = l, say » = 0 and 5 = 1, setting x = z and y = l in (3) gives the result. The case of general n and s follows trivially from the non-negative case by using (3).
Theorem
1. The associated group of a free group is a one-element group.
The case of a free group with an infinite number of generators follows from the case of a free group with a finite number of generators; for if F is free with infinitely many generators and uEH(F), then uEi*H(F'), where F' is a subgroup of F on finitely many generators, and i is the inclusion. In case the free group F has but one generator, then H(F) =1 by virtue of rule (11), (xn, x*)~l. The general case of a free group with finitely many generators follows at once by induction from the following In order to do this we shall be concerned with three subgroups of (G, G)-j¡A=it(A, A), <B=jf (B, B), and M, the subgroup of (G, G) generated by all elements of the form (a, b), with a^lEA, and b^lEB.
Let (x, y) be a generator of (G, ) and (4') are restatements of (5) and (4), and (12) and (13) are restatements of (3) and (3'), using rule (2), (c, ¿)_1~(d, c). Thus we see that (x, y), and hence any element wE(G, G), is congruent to a product iv of terms (a, a'), (b, b'), (a, b), and (b, a). Now take each term (b, b') in ir and "commute" it to the right (beginning with the farthermost right one and proceeding one at a time) via (8), (9), and (10). Thus we obtain, for the arbitrary element w of (G, G), w~7r~7r'/3, with ß a product of terms (b, b'), and it' a product of terms (a, a'), (a, b), and (b, a). Now take each term of the form (a, a') in it' and commute it to the left via the rules dual to (8) and (9) and proves the lemma.
It is possible to use Theorem 1 to show that any "universal relation" among commutators can be deduced from our defining relations (1) to (4). Briefly, a "universal relation" is an expression of the type we have been considering which is valid in any group. We shall not pursue this.
Digressing for a moment, we remark that in proving that (G, G) is the group product, mod B(G), of <¡A, "M, and 53 we used only the fact that G is generated by A and B. Applying this to the direct product G =AXB one sees that 77(G) is the group product of i*H(A), j*H(B), and r(A ®B), where r is a homomorphism from the tensor shows that i*,j*, and r are one-to-one and that
77(G) = hH(A) X j*H(B) X t(A ® B) « H (A) X H(B) XA® B.
Theorem 2. There is a canonical isomorphism between 77(G) and H2(G, J) preserving the notion of induced homomorphism; if h:G-^G' is a homomorphism, we have commutativity in the diagram
Suppose that G is given as a factor group of a group £ by a central subgroup N of E. The factoring homomorphism n'.E-^G maps E onto G with kernel N. We define a homomorphism (G, G)->■£ by mapping a generator (x, y) of (G, G) into [x, y], where n(x)=x and i)(y)=y. This is independent of the choices x and y because N is in the center of E. Observe that (4A) is a consequence of (3'A) by setting y = 0 in (3'A). Also, (x+y, x+y)~0 by (1A), and expanding this by (3A)
and (3'A) shows that (2A) is a consequence of (1A), (3A), and (3'A).
